We study the spacetime structures of the static solutions in the n-dimensional Einstein-GaussBonnet-Λ system systematically. We assume the Gauss-Bonnet coefficient α is non-negative and a cosmological constant is either positive, zero, or negative. The solutions have the (n−2)-dimensional Euclidean sub-manifold, which is the Einstein manifold with the curvature k = 1, 0 and −1. We also assume 4α/ℓ 2 ≤ 1, where ℓ is the curvature radius, in order for the sourceless solution (M = 0) to be defined. The general solutions are classified into plus and minus branches. The structures of the center, horizons, infinity and the singular point depend on the parameters α, ℓ 2 , k, M and branches complicatedly so that a variety of global structures for the solutions are found. In our analysis, theM -r diagram is used, which makes our consideration clear and enables easy understanding by visual effects. In the plus branch, all the solutions have the same asymptotic structure at infinity as that in general relativity with a negative cosmological constant. For the negative mass parameter, a new type of singularity called the branch singularity appears at non-zero finite radius r = r b > 0. The divergent behavior around the singularity in Gauss-Bonnet gravity is milder than that around the central singularity in general relativity. There are three types of horizons: an inner, black hole, and cosmological. In the k = 1, 0 cases the plus-branch solutions do not have any horizon. In the k = −1 case, the radius of the horizon is restricted as r h < √ 2α (r h > √ 2α) in the plus (minus) branch. The black hole solution with zero or negative mass exists in the plus branch even for the zero or positive cosmological constant. There is also the extreme black hole solution with positive mass in spite of the lack of electromagnetic charge. We briefly discuss the effect of the Gauss-Bonnet corrections on black hole formation in a collider and the possibility of the violation of third law of the black hole thermodynamics.
I. INTRODUCTION
Black holes are characteristic objects to general theory of relativity. Recent observational data show the existence of one or more huge black holes in the central region of a number of galaxies. While over the past decades much concerning the nature of black hole spacetimes has been clarified, a good many unsolved problems remain. One of the most important ones is what the final state of black-hole evaporation through quantum effects is. The mid-galaxy supermassive black holes are certainly not related to this problem; however, it has been suggested that tiny black holes, whose quantum effect should not be neglected, could be formed in the early universe by the gravitational collapse of the primordial density fluctuations. Black holes may become small enough in the final stage of evaporation enough for quantum aspects of gravity to become noticeable. In other words, such tiny black holes may provide a good opportunity for learning not only about strong gravitational fields but also about of the quantum aspects of gravity.
Up to now many quantum theories of gravity have been proposed. Among them superstring/M-theory formulated in the higher dimensional spacetime is the most promising candidate. So far, however, no much is known about the non-perturbative aspects of the theory have not been To take string effects perturbatively into classical gravity is one approach to the study of the quantum effects of gravity.
A recent and attractive proposal for a new picture of our universe called the braneworld universe [1, 2, 3] is based on superstring/M-theory [4] . According to these we live on a four-dimensional timelike hypersurface embedded in a higher-dimensional bulk spacetime. Because the fundamental scale could be around TeV scale in this scenario, these models suggest that creation of tiny black holes in a linear hadron collider is possible [5] . From this point of view, the investigation of the string effects on the black holes is important.
In this paper we consider the n-dimensional action with the Gauss-Bonnet terms for gravity [6] , which we call Gauss-Bonnet gravity hereafter, as the higher curvature corrections to general relativity. The Gauss-Bonnet terms naturally arise as the next leading order of the α ′ -expansion of superstring theory, where α ′ is inverse string tension [7] , and are ghost-free combinations [8] . The black hole solutions in Gauss-Bonnet gravity were first discovered by Boulware and Deser [9] and Wheeler [10] , independently. Since then many types of black hole solutions have been intensively studied [11] . The black hole solutions with a cosmological constant were investigated in several papers [12, 13, 14, 15, 16] . In the system with a negative cosmological constant, black holes can have horizons with non-spherical topology such as torus, hyperboloid, and other compactified sub-manifolds. These solutions were originally found in general relativity and are called topological black holes [17] . They are distinctive in that there exist zero-mass and negative mass black hole solutions, and in both cases their properties were investigated [18] . Topological black hole solutions have also been studied in Gauss-Bonnet gravity [12, 13, 14, 15] . Black hole solutions in more general Lovelock gravity [19] have also been investigated [20, 21] In Gauss-Bonnet gravity, there are two kinds of black hole solutions, which are classified into the plus and the minus branches. When Boulware and Deser first discovered the solutions, they claimed that the vacuum state in one of the branches (the plus branch in our definition) are unstable [9] , so that the solutions in the minus branch have been intensively investigated, while less attention has been paid to the solutions in the plus branch. However, the vacuum states in both branches have recently turned out to be stable [22] . Moreover, it is known that the solutions in five-dimensional Gauss-Bonnet gravity have qualitatively different properties from those of higher-dimensions. There is, however, a lack of detailed investigations of the five-dimensional case.
In this paper, we extend the previous work and give a unified viewpoint on the black hole solutions in GaussBonnet gravity. We include all the aforementioned cases, i.e., the plus and the minus branches, five-and higherdimensional cases. In particular, we focus on the global structure of the spacetime. We also consider the case with a positive/negative cosmological constant and that with a sub-manifold with non-spherical topology. We investigate not only the black hole solutions but also other kinds of solutions, such as regular or globally naked solutions.
In Sec. II, we introduce our model and show solutions that are generalizations of Boulware and Deser's original. In Sec. III, we review the solutions in the Einstein-Λ system for comparison. In Sec. IV, the general properties of the solutions in the Einstein-Gauss-Bonnet-Λ system with 4α/ℓ 2 < 1, whose meaning is given in the text, are investigated. In Sec. V, we show theM -r diagram and study the number of horizons for each solution. The global structures of the solution are summarized in tables. Sec. VI is devoted to the analysis of the special case where 4α/ℓ 2 = 1. In Sec. VII, we give conclusions and discuss related issues and future work. Throughout this paper we use units such that c =h = k B = 1. As for notation and conversion we follow Ref. [23] . The Greek indices run µ, ν = 0, 1, · · · , n − 1.
II. MODEL AND SOLUTIONS
We start with the following n-dimensional (n ≥ 4) action:
where R and Λ are the n-dimensional Ricci scalar and the cosmological constant, respectively. κ n := √ 8πG n , where G n is the n-dimensional gravitational constant. The Gauss-Bonnet Lagrangean consists of the Ricci scalar, the Ricci tensor, and the Riemann tensor as
This set of terms is called the Gauss-Bonnet terms. In the four-dimensional case, the Gauss-Bonnet terms do not appear in the equation of motion but contribute only as the surface terms. As a result, the model becomes ordinary Einstein theory with a cosmological constant. α is the coupling constant of the Gauss-Bonnet terms. This type of action is derived from superstring theory in the low energy limit [7] . In such cases α is related to the inverse string tension and is positive definite. Since the Minkowski spacetime becomes unstable for negative α, we consider only the α ≥ 0 case in this paper. S matter is the action of matter fields. The gravitational equation of the action (1) is
where
Since we are interested in vacuum solutions in this paper, the energy-momentum tensor T µν is set at zero. We assume a static spacetime and adopt the following line element:
where dΩ 2 n−2 = γ ij dx i dx j is the metric of the (n − 2)-dimensional Einstein space M n−2 . In the four-dimensional case, the Einstein space M 2 is two-dimensional. By taking M 2 to be complete, we can write it as a quotient space M 2 =M 2 /Γ, where the universal covering spaceM 2 is either two-sphere S 2 , two-torus T 2 or two-hyperboloid H 2 , and Γ is a freely and properly discretely acting subgroup of the isometry group ofM . If the action of Γ onM 2 is nontrivial, M 2 is multiply connected. For concrete examples, see Ref. [24] . In the five-dimensional case, i.e., the case in which the submanifold is the three-dimensional Einstein space, the situation is almost the same [25] . In the higher-dimensional cases, the (n − 2)-dimensional (n > 5) Einstein space has rich structures and is not necessarily homogeneous, i.e., it can even have non-constant curvature [26] .
The (t, t) and (r, r) components of the gravitational equation (3) give δ ′ ≡ 0, where the prime denotes a derivative with respect to r. By rescaling the time coordinate suitably, we can always set
without loss of generality. The equation of the metric function f is written as
whereα := (n−3)(n−4)α and Λ = −(n−1)(n−2)/(2ℓ
2
). In our definition, a negative (positive) Λ gives a positive (negative) ℓ 2 . k is the curvature of the (n − 2)-dimensional Einstein space and takes 1 (positive curvature), 0 (flat), and −1 (negative curvature). This equation is integrated to give the general solution as
The integration constant M is proportional to the mass of a black hole for black hole spacetime. Although we will also consider solutions which are not black holes, we call M the mass of the solution. Σ k n−2 is the volume of the unit (n−2)-dimensional Einstein space. For example, Σ
, where Γ is the gamma function. There are two families of solutions that correspond to the sign in front of the square root in Eq. (9) . We call the family with a minus (plus) sign the minus-(plus-) branch solution. By introducing new variables as r := r/ℓ, M :=M /ℓ n−3 , andᾱ :=α/ℓ 2 , the curvature radius ℓ is scaled out when the cosmological constant is non-zero. In the Λ = 0 case, it is convenient to rescale the variables byα as r := r/ √α andM :=M / √α . The global structure of the spacetime is characterized by the properties of the singularities, horizons, and infinities. A horizon is a null hypersurface defined by r = r h such that f (r h ) = 0 with finite curvatures, where r h is a constant horizon radius. In this paper, we call a horizon on which df /dr| r=r h > 0 a black hole horizon [27] . If there is a horizon inside of a black hole horizon and if it satisfies df /dr| r=r h < 0, we call it an inner horizon. If a horizon satisfies df /dr| r=r h < 0 and if it is the outermost horizon, we call it a cosmological horizon. We call a horizon on which df /dr| r=r h = 0 a degenerate horizon. Among them if the first non-zero derivative coefficient is positive, i.e., d p f /dr p | r=r h > 0 and d q f /dr q | r=r h = 0 for any q < p, q, p ∈ N, we call it a degenerate black hole horizon. A solution with degenerate horizons is called extreme. The solutions in this paper are classified into three types by the existence of the horizons. The first one is a black hole solution that has a black hole horizon. A solution that does not have a black hole horizon but does have a locally naked singularity is a globally naked solution. This is the second type. The last type is a singularity-free solution without a black hole horizon, which we call a regular solution.
Since there are many parameters in our solutions, such asα, ℓ 2 (or Λ),M , k and ± branches, the analysis should be performed systematically. In this paper we employ ã M -r diagram, which we explain below.
First we choose one of the branches, and fix the values of Λ,α, and k. Then the solutions are parametrized by one parameter,M . By changing the mass parameter M of the solutions, we can plot the location of the singularity and horizons on theM -r diagram. These plots form a number of curves. The curve of the horizon radius may be a multi-valued function ofM , which means that there exist several horizons in the spacetime, such as a black hole, an inner, and a cosmological horizon. This diagram shows the number and location of the horizons and singularities for eachM . In several cases the curve of the horizon radius becomes vertical where two types of horizon coincide. The solution at any such vertical point is extreme. Next, when we vary other parameters, sayα, the curves on theM -r diagram slide a bit from the original one. When there is an extreme solution in the family of the solutions, we obtain the curve for the extreme solution on theM -r diagram by joining points for extreme solutions in eachα. We will show concrete examples of theM -r diagram in general relativity in the next section.
All the solutions at vertical points of theM -r h curve are not extreme solutions. Let us make the relation clear between the vertical points and the extreme solutions. Whenα, k, and Λ are fixed, the metric function f is a function of r with one parameterM . Then let us define a new functionf (r,M ) := f (r), where the right-hand side (rhs) is evaluated with the mass parameterM . TheM -r h curve is obtained by the constraint conditionf (r h ,M ) = 0. Then along theM -r h curve, we find dM /dr h = −(∂f /∂r)/(∂f /∂M )| r=r h for ∂f /∂M = 0. At the vertical point, dM /dr h = 0. This implies that (i) ∂f /∂r| r=r h = 0 and ∂f /∂M | r=r h < ∞, or (ii) ∂f /∂M | r=r h = ∞. The case (i) exemplifies the degenerate horizon condition. In the latter case (ii), however, one cannot be sure whether the horizon is degenerate or not. Then we should examine the condition f = df /dr = 0 directly. As we will see in the following sections, the latter case appears only when r h → 0 and r h → r b , where r b is the radius of the branch singularity, defined in Sec. IV. The solution with r h = 0 or r h = r b does not have a horizon but, instead, has a regular or a singular point at r = r h . As a result, only the case (i) produces a degenerate horizon. In fact, however, several solutions exist with r h → 0 and df /dr| r=r h → 0, both in general relativity and Gauss-Bonnet theory. We call this type of horizon an almost degenerate horizon. These infinitesimally small black hole solutions may be important from the thermodynamical point of view because their temperature is also infinitesimally small and affects the evolution of the black hole. If ∂f /∂M = 0, we find also ∂f /∂r| r=r h = df /dr| r=r h = 0, and the horizon is de- generate. Details in general relativity and Gauss-Bonnet cases will be discussed in each section.
III. STATIC SOLUTIONS IN THE EINSTEIN-Λ SYSTEM
Before investigating the system with the Gauss-Bonnet terms, we first review the spacetime structure of the static solutions described by the metric form (6) in the Einstein-Λ system using theM -r diagram for comparison.
By taking the limit of α → 0, Gauss-Bonnet gravity reduces to general relativity. In this limit,
is obtained only for the minus branch of Eq. (9), while there is no such limit for the plus branch. The spacetime is described by Eqs. (6), (7), and (11). We do not consider the case withM = k = Λ = 0, in which the function f is identically zero. There is a curvature singularity at the center (r = 0) except for the case withM = 0. Around the center, the Kretschmann invariant behaves as follows:
Whether the central singularity is spacelike, null, or timelike depends on the dominant term of Eq. (11) for r → 0. WhenM > 0 (M < 0), the metric function f < 0 (f > 0), and the tortoise coordinate defined by
is finite at the center. So the singularity is spacelike ( Fig. 1(d) ) (timelike ( Fig. 1(a) )). WhenM = 0 and k = 1 (k = −1), the center r = 0 is regular [28] and timelike ( Fig. 1(e) ) (spacelike ( Fig. 1(h) )), while it becomes null for k = 0 and ℓ 2 = 0 because |r * | → ∞ (Fig. 1 (f) for ℓ 2 > 0 and Fig. 1 (g) for ℓ 2 < 0). The structure of infinity depends on the dominant term of Eq. (11) for r → ∞. When there is a non-zero cosmological constant, the dominant term is r 2 /ℓ 2 . When 1/ℓ 2 < 0 (1/ℓ 2 > 0), the spacetime asymptotically approaches the de Sitter (dS) (anti-de Sitter (adS)) spacetime, of which region is expressed by the conformal diagram Fig. 2(d) (Fig. 2(b) ). The second leading term is the curvature term k. If 1/ℓ 2 = 0 and k = 1, the spacetime is asymptotically flat, of which region is expressed by the conformal diagram Fig. 2(i) . If 1/ℓ 2 = 0 and k = −1, the conformal diagram of infinity is Fig. 2(iii) . When 1/ℓ 2 = k = 0, theM term is dominant. ForM > 0 (M < 0), infinity is expressed by Fig. 2(iii) (Fig. 2(i) ).
Since the number of the horizons depends complicatedly on parameters such as mass, the cosmological constant, and so on, theM -r diagram is useful. From Eq. (11), theM -r h relation in the Einstein-Λ system is
We consider here that the values of k and ℓ 2 are fixed, so that this relation becomes a curve on theM -r diagram.
On theM -r h curve there are some points that are physically important. For example, points where the curve terminates at a singularity, points where the value of r h becomes zero, and points where the curve becomes vertical. From the degeneracy condition of the horizon f (r ex ) = df /dr| r=rex = 0, where r ex is the radius of the degenerate horizon, we can show that theM -r h curve becomes vertical at this point. However, the inverse is not always true, as we showed in Sec. II. Let us examine the conditions (i) and (ii) in Sec. II in general relativity. By Eq. (11), ∂f /∂M| r=r h = −r
. Except for r h → 0, this equation becomes finite. Hence if the horizon radius at the vertical point on theM -r h curve is non-zero, the horizon is degenerate. In the r h → 0 case,M becomes zero by Eq. (14) . If we setM = 0 exactly, the physical center is not a horizon but a regular point. However, the analysis of the limiting solution r h → 0, i.e., an infinitesimally small horizon, is important when we consider the evolution of the black hole. The condition of the degenerate horizon f = df /dr = 0 gives
In the r h → 0 case, df /dr| r=r h = 0 for k = 0 and df /dr| r=r h → ∞ for k = ±1. Hence for k = 0 the horizon of the vertical point with r h → 0 is the almost degenerate horizon, while it is not for k = ±1. The location and the mass parameter of the degenerate horizon are
respectively, for Λ = 0. The extreme solution exists when ℓ 2 and k have signs opposite to each other. When k = 0, these equations giveM ex = r ex = 0 and the solution is not an extreme solution but a regular solution. For Λ = 0, the degeneracy condition givesM = k = 0. This solution falls outside of our consideration. If d 2M /dr 2 h = 0 is satisfied at the finite value of r h , the three horizons degenerate. However, there is no such solution in the present system.
On theM -r diagram the extreme solution is expressed by the point where two horizons coincide. The diagram in Fig. 3 (d) is a typical example. This solution is the Schwarzschild-dS solution. The point E is where the curve becomes vertical. The solution at this point is the extreme solution and has the mass parameterM ex . A solution with less massM <M ex has two horizons (a black hole and a cosmological horizons), and at the extreme point two horizons coincide. For the greater mass parameter, there is no horizon. In this manner, the number of the horizons changes at the mass parameter of the extreme solution like this. The number of the horizons also changes with the mass parameter at the points where the curve terminates in singularities, the value of r h becomes zero for a finiteM , and so on. We can see these points directly on theM -r diagram.
We will examine the number of horizons of the solutions by varying the mass parameter and show their spacetime structures in the cases of zero, positive, and negative cosmological constant, separately. TheM -r diagrams are shown in Fig. 3 and the global structures of the solutions are summarized in Table I .
A. Λ = 0 case
In the k = 1 case, the solution is the n-dimensional Schwarzschild solution. TheM -r diagram is shown in Fig. 3 (a). ForM < 0, the solution has no horizon and represents the spacetime with a globally naked singularity. The solution withM = 0 is the Minkowski spacetime [29] . ForM > 0, the solution has a single horizon at r h =M 1/(n−3) and represents the Schwarzschild black hole spacetime.
In the k = 0 case, theM -r diagram is shown in Fig. 3(b) . TheM -r h relation becomesM = 0. However, since we do not consider theM = k = Λ = 0 case, there is noM -r h curve in this diagram. ForM = 0, the solution has no horizon and represents the spacetime with a globally naked singularity.
In the k = −1 case, theM -r h diagram is shown in Fig. 3 (c). ForM < 0, the solution has a cosmological horizon and represents the spacetime with a globally naked singularity. ForM = 0, the solution is regular hyperbolic spacetime. ForM > 0, the solution has no horizon and represents the spacetime with a globally naked singularity.
B. Λ > 0 case
In the k = 1 case, the solution is the SchwarzschilddS solution. TheM -r h diagram is shown in Fig. 3 
(d).
There is an extreme solution with massM ex given by Eq. (17) . ForM < 0, the solution has a cosmological horizon and represents the spacetime with a globally naked singularity. ForM = 0, the spacetime is the n-dimensional dS spacetime, which has a cosmological horizon at r = |ℓ 2 |. For 0 <M <M ex , there are a black hole and a cosmological horizons and the solution represents the Schwarzschild-dS black hole spacetime. ForM =M ex , the black hole and the cosmological horizons coincide, and the horizon is degenerate. The location of the degenerate horizon is given by Eq. (16) . For M >M ex , the solution has no horizon and represents the spacetime with a globally naked singularity.
In the k = 0 case, theM -r h diagram is shown in Fig. 3 (e). ForM < 0, the solution has a cosmological horizon and represents the spacetime with a globally naked singularity. The derivative of the metric function vanishes in the zero horizon limit, i.e., f ′ (r h ) → 0 as r h → 0. This implies that the horizon almost degenerates in this limit. ForM = 0, the solution has no horizon and represents the regular spacetime. ForM > 0, the solution has no horizon and represents the spacetime with a globally naked singularity.
In the k = −1 case, theM -r h diagram is shown in Fig. 3(f) . ForM < 0, the solution has a cosmological horizon and represents the spacetime with a globally naked singularity. ForM = 0, the solution has no horizon and represents the regular spacetime. ForM > 0, the solution has no horizon and represents the spacetime with a globally naked singularity.
When the curvature of the (n−2)-dimensional Einstein space is k = 0 or −1, there is no black hole solution in the zero or positive cosmological constant case. However, the negative cosmological constant allows such black hole solutions. They are called topological black holes [17, 18] FIG. 3: TheM -r diagrams for the static solutions in the Einstein-Λ system. The diagrams in the upper, middle, and lower rows are 1/ℓ 2 = 0 (zero cosmological constant), the 1/ℓ 2 = −1 (positive cosmological constant), and the 1/ℓ 2 = 1 (negative cosmological constant) cases, respectively. The diagrams in the left, middle, and right columns are the k = 1, 0, and −1 cases, respectively. TheM -r h relations in n = 4 (thick solid curve), in n = 5 (thick dashed curve), and in n = 6 (thick dot-dashed curve) are shown. There is a central singularity at r = 0 except forM = 0. The dots with character "E" imply the degenerate horizons. The region with a star which is bounded by theM -r h curve is an untrapped region. It changes from untrapped to trapped region or vice versa by crossing theM -r h curve.
and show remarkable properties in that the mass of such solutions can be negative.
In the k = 1 case, the solution is the n-dimensional Schwarzschild-adS solution. TheM -r h diagram is shown in Fig. 3(g) . ForM < 0, the solution has no horizon and represents the spacetime with a globally naked singularity. ForM = 0, the solution has no horizon and represents the everywhere regular spacetime. The spacetime is the adS spacetime. ForM > 0, the solution has one black hole horizon and represents the Schwarzschild-adS black hole spacetime.
In the k = 0 case, theM -r h diagram is shown in Fig. 3(h) . ForM < 0, the solution has no horizon and represents the spacetime with a globally naked singularity. ForM = 0, the solution has no horizon; the spacetime has a regular null center. ForM > 0, the solution has one black hole horizon. In the infinitesimally small horizon limit r h → 0, the horizon is almost degenerate.
Where k = −1, the case is quite different from the others. The black hole solution with zero or negative mass can exist. TheM -r h diagram is shown in Fig. 3(i) . There is an extreme solution which has the lowest mass of all the black hole solutions in this system:
The degenerate horizon locates at
ForM <M ex , the solution has no horizon and represents the spacetime with a globally naked singularity. ForM =M ex , the solution has a degenerate horizon and represents the extreme black hole spacetime. For M ex <M < 0, the solution has an inner and a black hole horizons and represents the black hole spacetime with negative mass. ForM = 0, the solution has regular center and a black hole horizon at r h = l. The spacetime is black hole spacetime with zero mass. It should be noted again that the term "regular" in this paper means that the Kretschmann invariant does not diverge. So the "regular" point can be singular by the topological origin of the (n − 2)-dimensional Einstein space. The center of the zero mass black hole is this case. ForM > 0, the solution has a black hole horizon and represents the black hole spacetime.
IV. GENERAL PROPERTIES OF SOLUTIONS IN THE EINSTEIN-GAUSS-BONNET-Λ SYSTEM
Next we proceed to the cases of Gauss-Bonnet gravity. Let us discuss the general properties of the static solutions in this system.
In the case ofM = 0, the metric function is
For a well-defined theory, the following condition should be satisfied:
Although any non-negative value ofα satisfies this condition in the zero and positive cosmological constant cases, it is restricted as 0 ≤α ≤ ℓ 2 /4 where the cosmological constant is negative. In this section, we assume 4α/ℓ 2 < 1. The special case where 4α/ℓ 2 = 1 will be investigated in Sec. VI separately.
From Eq. (20), the effective curvature radius is defined by
The sign of the square of the effective curvature radius ℓ 2 eff is the same as ℓ 2 in the minus branch, while ℓ 2 eff is always positive independent of ℓ 2 in the plus branch. Hence the spacetime approaches the adS spacetime for r → ∞ asymptotically in the plus branch for k = 1 even when the pure cosmological constant Λ is positive. In Sec. III, we showed the structure of the infinity of the solutions, which in the Einstein-Λ system depends on the value of ℓ 2 . By replacing ℓ 2 in the discussion in the Einstein-Λ system by ℓ 2 eff , the structure of infinity in the EinsteinGauss-Bonnet-Λ system is obtained.
Besides the central singularity at r = 0, there can be another singularity at r = r b called the branch singularity. r b is obtained by the condition that the inside of the square root of Eq. (9) vanishes, and theM -r b relation becomesM
Around the branch singularity the Kretschmann invariant behaves as
By the condition Eq. (21), there are no positive real roots whenM ≥ 0, while one positive root exists forM < 0. r b decreases monotonically asM increases and approaches zero in the limit ofM → 0. When a branch singularity exists, the metric function f behaves around it as
(25) Hence if k = 1 or 0, the singularity is timelike ( Fig. 1(a) ). When k = −1, the singularities are timelike and spacelike ( Fig. 1(d) ) for r b > √ 2α and r b < √ 2α, respectively. In the special case where k = −1 and r b = √ 2α, the singularities are spacelike and timelike for the minus and plus branches, respectively.
The positive-mass solutions have a central singularity. Here the metric function behaves
around the center. Hence if n ≥ 6, the singularity is spacelike (timelike) for the minus (plus) branch. The Kretschmann invariant behaves as
Although f is finite when n = 5, the Kretschmann invariant behaves as
so that the center is singular. In the minus branch, the singularity is spacelike when k = 0 and −1. When k = 1, the singularity is spacelike forM >α, null ( Fig. 1(b) ) for M =α, and timelike for 0 <M <α. In the plus branch, the singularity is timelike when k = 0 and 1. When k = −1, the singularity is spacelike for 0 <M <α, null forM =α, and timelike forM >α. It is noted that the divergent behavior of the central singularity in GaussBonnet gravity is milder than that in general relativity (see Eqs. (12) and (27)). It is also noted that the divergent behavior of the branch singularity is milder than that of the central singularity (see Eqs. (24) and (27)). For the solution with zero mass, the center is regular. Since the metric function is described as f = k + r
From the condition of the horizon f (r h ) = 0, we find
Hence r 2 h < −2αk, (for the plus branch),
so that we can conclude that solutions in the plus branch have no horizon for k = 1, 0. Hence the solutions represent the spacetime with a globally naked singularity except for the solution withM = 0. When k = −1, the horizon radius is restricted as r h < √ 2α in the plus branch, while in the minus branch, the horizon has the lower limit r h > √ 2α. There are no such restrictions for k = 1 and 0.
TheM -r h relation is
For k = 0 this relation is same as that in general relativity Eq. (14) . For k = −1 the solution with r h = √ 2α has a branch singularity at r = r B := √ 2α, wherẽ
This implies that the sequence of solutions is divided by the branch singularity into the plus and the minus branches for k = −1. It is seen that theM -r h curve in theM -r diagram terminates at theM -r b curve just at the point withM =M B (Point B in Figs. 4 and 5 ). For the other mass parameterM =M b , the horizon radius is always larger than that of the branch singularity. In the limit of r h → 0, the mass of the solution vanishes M → 0 in the n ≥ 6 case, while it approachesM →αk 2 in five-dimensions. In general relativity there are some extreme black hole solutions with a degenerate horizon. The Gauss-Bonnet case has more variety. First let us examine the relation of a vertical point in theM -r h curve and an extreme solution. By Eq. (9), ∂f /∂M| r=r h < ∞ except for r h → 0 and r h → r b . Hence the horizon of the vertical point is degenerate for the r h = 0 and r h = r b cases. In the r h → 0 case, df /dr| r=r h → 0 for k = 0 in n ≥ 6 and for any k in n = 5, and the horizon is almost degenerate, while df /dr| r=r h → ∞ for k = ±1 in n ≥ 6, and the horizon is not degenerate. In the r h → r b case, df /dr| r=r h → ∞ for any k and the horizon is not degenerate.
The radius of the degenerate horizon is
for Λ = 0, and
for Λ = 0. Note that the sign ± does not correspond to the sign of the solution branches. The mass of the extreme solution is
We denote the mass of the extreme solution and the radius of its degenerate horizon in the plus (minus) branch asM ex ), respectively. In the n ≥ 6 and Λ = 0 case, k must be negative by the positivity of the degenerate horizon. Since r ex < √α , the extreme solution belongs to the plus branch. In the Λ > 0 case, the minus sign should be taken in Eq. (34) , and the extreme solutions appear in both k = 1 and −1 cases. In the Λ < 0 case, k must be negative, and then both signs in Eq. (34) give extreme solutions. Although the black hole solution with a degenerate horizon necessarily has negative mass in general relativity (in the Λ < 0 and k = −1 case), the extreme black hole solutions in the k = −1 cases have positive mass.
In five-dimension the rhs of Eq. (35) vanishes, and there is no extreme solution in the Λ = 0 case. For Λ > 0 (Λ < 0), k must be positive (negative) and the minus (plus) sign should be assumed in Eq. (34) . The radius of the degenerate horizon does not depend onα, and Eq. (34) gives the same expression as that in the Einstein-Λ system. This implies that a degenerate horizon appears at the same radius as that in the Einstein-Λ system. However, the mass of the extreme solution depends onα, and theM -r ex relation shows a line on thẽ M -r diagram, as we will see in the next section.
The topological black hole solutions in general relativity can have a zero or a negative mass parameter. Since the minus-branch solutions approach the solutions in general relativity in theα → 0 limit, it is expected that such solutions with zero or negative mass exist also in the Gauss-Bonnet case. Furthermore, similar solutions appear in the plus branch. When the cosmological constant is zero, the horizon radius r 0 of the massless solution is
from Eq. (32). There is one positive real root √α in the plus branch for k = −1. This is a black hole horizon. In the Λ = 0 cases, the horizon radius r 0 of the massless solution is given as
The sign ± does not mean the branches. When Λ < 0, r 0 has two positive real roots for k = −1, one of which is in the plus branch while the other is in the minus branch,
FIG. 4:
TheM -r diagrams of the static solutions in the six-dimensional Einstein-Gauss-Bonnet-Λ system. The diagrams in the upper, the middle, and the lower rows express cases the 1/ℓ 2 = 0 (zero cosmological constant), the 1/ℓ 2 = −1 (positive cosmological constant), and the 1/ℓ 2 = 1 (negative cosmological constant), respectively. The diagrams in the columns on the left-hand side express the k = 1 (the minus branch), 0 (the minus branch), −1 (the minus branch), and −1 (the plus branch) cases, respectively. We show theM -r h relations (thick solid curves) and theM -r b relations (thin dot-dashed curves). The thin dotted curves indicate the sequence of the degenerate horizons produced by varyingα. We also plot theM -r h relations in general relativity in n = 6 (thin solid curves) for comparison. We setα = 0.2. The dots with characters "E" and "B" imply the degenerate horizon and the branch point, respectively. Below theM -r b line, there are no solutions. The region with a star that is bounded by theM -r h andM -r b curves is the untrapped region. It changes from an untrapped to a trapped region or vice versa by crossing theM -r h curve. TheM -r diagrams of the higher-dimensional solutions where n ≥ 6 have qualitatively similar configurations to these.
while there are not such solutions for k = 0 and 1. Both horizons are black hole horizons. When Λ > 0, r 0 has one positive real root in the minus branch for k = 1 and in the plus branch for k = −1. The former corresponds to the conventional cosmological horizon in dS spacetime. The latter is, however, the black hole solution, as we will see later. Hence there are zero mass black hole solutions even in the zero and positive cosmological constant cases. This type of solution does not exist in general relativity with Λ ≥ 0 but appears if the Gauss-Bonnet effects are considered.
V.M -r DIAGRAM AND SPACETIME STRUCTURE
In the previous section, we discussed properties of the singularity, infinity, and horizons of the solutions in the FIG. 5: TheM -r diagrams of the static solutions in the five-dimensional Einstein-Gauss-Bonnet-Λ system. The diagrams in the upper, middle, and lower rows express the cases where 1/ℓ 2 = 0 (zero cosmological constant), the 1/ℓ 2 = −1 (positive cosmological constant), and the 1/ℓ 2 = 1 (negative cosmological constant), respectively. The diagrams in the columns on the left-hand side are the k = 1 (the minus branch), 0 (the minus branch), −1 (the minus branch), and −1 (the plus branch) cases, respectively. We show theM -r h relations (thick solid curves) theM -r b relations (thin dot-dashed curves). The thin dotted curves indicate the sequence of the degenerate horizons produced by varyingα. We also plot theM -r h relations in general relativity in n = 5 (thin solid curves) for comparison. We setα = 0.2. See Fig. 4 for the meanings of the dots and the stars.
Einstein-Gauss-Bonnet-Λ system. In this section we examine the number of horizons and show the spacetime structures of the solutions by taking into account the above properties. As an aid to discussion, theM -r diagrams are shown in Fig. 4 (n = 6) and Fig. 5 (n = 5) . The spacetime structures of the solutions are summarized in Tables II (n = 6) and III (n = 5). Since the spacetime structures in 5-dimension are different from those in the n ≥ 6 case, we separate the tables.
A. Λ = 0 case
When k = 1, a solution in the plus branch has no horizon and represents the spacetime with a globally naked singularity unlessM = 0. The spacetime withM = 0 is the n-dimensional adS spacetime whose curvature radius is ℓ eff .
In the n ≥ 6 case, theM -r diagram of the minus branch is shown as in Fig. 4(a) . ForM < 0, the solution has no horizon, and the branch singularity can be seen from infinity. The solution represents the spacetime with a globally naked singularity. ForM = 0, the solution has a regular center, and the spacetime is Minkowski spacetime. ForM > 0, the solution has a black hole horizon and represents the n-dimensional Schwarzschild-adS black hole spacetime.
In the n = 5 case, theM -r diagram of the minus branch is shown as in Fig. 5(a) . ForM ≤ 0, the diagram is qualitatively the same as that in the higherdimensional case. For 0 <M ≤α the solution has no horizon and represents the spacetime with a globally naked singularity. ForM >α the solution has a black hole horizon and represents the five-dimensional Schwarzschild-adS black hole spacetime. In theM →α+ limit, the black hole horizon is almost degenerate.
k = 0 case
When k = 0, a solution in the plus branch has no horizon and represents the spacetime with a globally naked singularity unlessM = 0.
TheM -r diagrams of the minus branch are shown in Figs. 4(b) and 5(b) . No horizon exists in the minus branch either, and every solution represents the spacetime with a globally naked singularity. ForM < 0, there is a branch singularity at r = r b . ForM > 0, there is a central singularity at r = 0. In the whole region the signature of spacetime changes, i.e., the Killing vector ∂ t is spacelike forM > 0. We call this type of region a trapped region.
In the k = −1, the solution in the plus branch can have a horizon. First, however, let us consider a solution in the minus branch. TheM -r diagrams are shown in Figs. 4(c) and 5(c). The diagrams in n = 5 and higher dimensional cases are qualitatively the same. ForM <M B , the solution has only a cosmological horizon and represents the spacetime with a globally naked singularity. ForM B ≤M < 0, the solution has no horizon and represents the spacetime with a globally naked singularity. ForM = 0, the solution has no horizon and represents the regular spacetime. However, the signature of spacetime is opposite to that in the ordinary untrapped region. ForM > 0, the solution has no horizon and represents the spacetime with a globally naked singularity. The signature of spacetime is opposite to that in the ordinary untrapped region.
In the n ≥ 6 case, theM -r diagram of the plus branch is shown as in Fig. 4(d) . ForM ≤M B , the solution has no horizon and represents the spacetime with a globally naked singularity. ForM B <M < 0, the solution has a black hole horizon. It should be noted that the negative mass black hole solution can exist without a cosmological constant. ForM = 0, the solution has a black hole horizon and represents black hole spacetime. This solution is the zero mass black hole. For 0 <M <M (+) ex , the solution has two horizons, which are black hole and inner horizons. Hence the spacetime structure is similar to the RN-adS black hole spacetime, even though the solution is neutral. In general relativity the negative mass black hole solution always has an inner horizon, while this solution only has a black hole horizon. ForM =M (+) ex , the solution has a degenerate horizon and represents the extreme black hole spacetime. ForM >M (+) ex , the solution has no horizon and represents the spacetime with a globally naked singularity.
In the n = 5 case, theM -r diagram of the plus branch is as shown in Fig. 5(d) . ForM ≤ 0, the diagram is qualitatively the same as that in the higher-dimensional case. For 0 <M <α, the solution has a black hole horizon. In theM →α− limit, the black hole horizon is almost degenerate. ForM ≥α, the solution has no horizon and represents the spacetime with a globally naked singularity.
B. Λ > 0 case
When k = 1, there is no horizon in the plus branch, and the spacetime has a globally naked singularity unless M = 0. The solution withM = 0 is the n-dimensional dS spacetime.
In the n ≥ 6 case, theM -r diagram of the minus branch is shown as in Fig. 4(e) . There is one extreme solution with massM
ex for fixedα. ForM < 0, there is a cosmological horizon and represents the spacetime with a globally naked singularity. ForM = 0, the solution has a regular center and a cosmological horizon. The spacetime is the n-dimensional dS spacetime whose curvature radius is |ℓ 2 eff |. For 0 <M <M
ex , the solution has a black hole and a cosmological horizons. The spacetime is the n-dimensional Schwarzschild-dS spacetime. ForM =M (−) ex , the solution has a degenerate horizon and represents the extreme black hole spacetime. For M >M (−) ex , the solution has no horizon and represents the spacetime with a globally naked singularity.
In the n = 5 case, theM -r diagram of the minus branch is shown in Fig. 5(e) . The diagram is qualitatively the same as that in the higher dimensional case except for the mass parameter range 0 <M ≤α. For 0 <M ≤α, the solution has a cosmological horizon and represents the spacetime with a globally naked singularity. In theM →α+ limit, the black hole horizon is almost degenerate.
When k = 0, there is no horizon in the plus branch, and the spacetime has a globally naked singularity unless M = 0.
TheM -r diagram of the minus branch is shown in Figs. 4(f) and 5(f). ForM < 0, the solution has a cosmological horizon and represents the spacetime with a globally naked singularity. In theM →α− limit, the cosmological horizon is almost degenerate. ForM = 0, the solution has no horizon and represents the regular spacetime. However, the spacetime is trapped. ForM > 0, the solution has no horizon and represents the spacetime with a globally naked singularity.
TheM -r diagrams of the minus branches are shown in Figs. 4(g) and 4(h) for n ≥ 6, and in Figs. 5(g) and 5(h) for n = 5. They are same as those for Λ = 0 and k = −1 qualitatively. Hence the classification of the number of the horizons is same. However, since the structure of infinity in the minus-branch solution differs according to whether Λ = 0 or Λ > 0, the spacetime structures shown in Tables II and III differ. C. Λ < 0 case
When k = 1, there is no horizon in the plus branch, and the solution has a globally naked singularity unless M = 0. The spacetime withM = 0 is the n-dimensional adS spacetime.
In the n ≥ 6 case, theM -r diagram in the minus branch is shown in as Fig. 4(i) . ForM < 0, the solution has no horizon and represents the spacetime with a globally naked singularity. ForM = 0, the solution has no horizon and represents the n-dimensional adS spacetime. ForM > 0, the solution has a black hole horizon and represents the n-dimensional Schwarzschild-adS black hole.
In the n = 5 case, theM -r diagram of the minus branch is shown as in Fig. 5(i) . The diagram is qualitatively the same as that in the higher-dimensional case except for the mass parameter range 0 <M ≤α. For 0 <M ≤α, the solution has no horizon and represents the spacetime with a globally naked singularity. In thẽ M →α+ limit, the black hole horizon is almost degenerate.
TheM -r diagram in the minus branch is shown in Fig. 4(j) for n ≥ 6 case and in Fig. 5(j) for n = 5. Both diagrams are qualitatively the same. ForM < 0, the solution has no horizon and represents the spacetime with a globally naked singularity. ForM = 0, the solution has no horizon and represents the regular spacetime. For M > 0, the solution has a black hole horizon. In thẽ M → 0+ limit, the black hole horizon is almost degenerate.
In the n ≥ 6 case, r ex has two positive roots by Eq. (34) . It is easily seen that each extreme solution belongs to the minus and the plus branches, respectively. So we denote their radii as r 
If the first term in the second line is larger than or equal to 1, the rhs of the equation is always positive. Hence we find r
If not, the sign of the rhs is determined by the sum of the first two terms and the third term. Calculating
we find again the r
ex is less than r B . This implies that the extreme solution with r ex <M <M B , the solution has a black hole and an inner horizons. ForM B ≤M < 0, there is a black hole horizon. This negative mass black hole solution has no inner horizon. ForM = 0, the solution has a black hole horizon and a regular center. ForM > 0, the solution has a black hole horizon.
In the n ≥ 6 case, theM -r diagram of the plus branch is shown as in Fig. 4(l) . ForM ≤M B , the solution has no horizon and represents the spacetime with a globally naked singularity. ForM B <M < 0, the solution has a black hole horizon. ForM = 0, the solution has a black hole horizon and a regular center. For 0 <M <M (+) ex , the solution has a black hole and an inner horizons. For M =M (+) ex , the solution has a degenerate horizon and represents the extreme black hole spacetime. ForM > M (+) ex , the solution has no horizon and represents the spacetime with a globally naked singularity.
In the n = 5 case theM -r diagram in the plus branch is shown as in Fig. 5(l) . The diagram is qualitatively the same as that in the higher-dimensional case except for the positive mass parameter range. For 0 <M <α, the solution has a black hole horizon. ForM ≥α, the solution has no horizon and represents the spacetime with a globally naked singularity. In theM →α− limit, the black hole horizon is almost degenerate.
VI. EINSTEIN-GAUSS-BONNET-Λ SYSTEM:
4α/ℓ 2 = 1 CASE
The system in which 4α/ℓ 2 = 1 is a special case, where the plus and the minus branches coincide in the sourceless case M = 0. Since we have assumed that α is positive, here only a negative Λ is allowed. The metric function f becomes
In the large radius the spacetime approaches the adS spacetime for r → ∞ with the effective curvature radius ℓ eff := √ 2α for k = 1. The massM cannot be negative since the metric function f takes a complex value. The boundaryM = 0 corresponds to the condition of the branch singularity for 4α/ℓ 2 = 1. In this sense it can be said that there is a branch singularity atM = 0− in theM -r diagram. For M = 0, the solution is the adS spacetime when k = 1. For positiveM , there is a curvature singularity at r = 0, where the Kretschmann invariant behaves as
When n ≥ 6, the singularity of the minus-(plus-) branch solution is spacelike ( Fig. 1(iv) ) (timelike ( Fig. 1(i)) ). When n = 5, the structure of the singularity is as complicated as that where 4α/ℓ 2 = 1. In the minus branch, the singularity is spacelike when k = 0 and −1. When k = 1, the singularity is spacelike forM >α, null ( Fig. 1(ii) ) forM =α, and timelike forM <α. In the plus branch, the singularity is timelike when k = 0 and 1. When k = −1, the singularity is spacelike for 0 <M <α, null forM =α, and timelike forM >α.
Since the radius of a horizon is restricted to r TheM -r h curve behavesM → 0 as r h → 0 for n ≥ 6, andM → |k|α for n = 5.
The relation between the vertical points of theMr h curve and extreme solutions is the same as that for 4α/ℓ 2 = 1. From the condition f = df /dr = 0, the degenerate horizon appears as
for k = −1 where n ≥ 6. Because r ex < √ 2α, the extreme solution appears only in the plus branch. The mass of the extreme solution is
The almost degenerate horizon appears in the r h → 0 limit for k = 0 where n ≥ 6 and for any k where n = 5. When k = 1, 0, theM -r diagrams are the same as those for 4α/ℓ 2 = 1 qualitatively (Figs. 4(i), (j) and 5(i), (j)) except that negative mass solutions are forbidden. ForM = 0, the solution has no horizon, and the spacetime is regular everywhere. The solution where k = 1 is the adS solution whose curvature radius is ℓ eff = √ 2α. ForM > 0, the solution has a black hole horizon. In the k = 0 and/or n = 5 case, the infinitesimally small black hole has an almost degenerate horizon.
When k = −1, theM -r h diagram in the minus branch is shown as in Fig. 6(a) . The negative mass rangeM < 0 is forbidden. ForM = 0, the solution has a black hole horizon, and the spacetime is regular everywhere. For M > 0, the solution has a black hole horizon. Even in the infinitesimally small mass limit, the horizon radius remains finite: r h ≈ √ 2α. TheM -r h diagram in the plus branch for k = −1 is shown in Fig. 6(b) . In the n ≥ 6 case, there is one extreme solution where mass and radius are given by Eqs. (45) and (44) ex , the solution has no horizon and represents the spacetime with a globally naked singularity. In the n = 5 case, there is no extreme solution. ForM = 0, the solution has a black hole horizon, and the spacetime is regular everywhere. For 0 <M < √ α, the solution has a black hole horizon, represents the black hole spacetime. In theM → √ α− limit, the horizon is almost degenerate. ForM ≥ √ α, the solution has no horizon and represents the spacetime with a globally naked singularity. The spacetime structures of these solutions are summarized in Table IV .
VII. CONCLUSIONS AND DISCUSSION
We have studied spacetime structures of the static solutions in the n-dimensional Einstein-Gauss-Bonnet-Λ system systematically. We assume that the Gauss-Bonnet coefficient α is non-negative. This assumption is consistent with the low energy effective action derived from superstring/M-theory. The solutions we considered in this paper have the (n − 2)-dimensional Euclidean submanifold, which is the Einstein, for example, sphere, flat, or hyperboloid. When the curvature of the sub-manifold is k = 0, − 1, black holes are called topological black holes. We assume 4α/ℓ 2 ≤ 1 in order for the sourceless solution (M = 0) to be defined. There is no solution with a negative mass parameter when 4α/ℓ 2 = 1. The structures of the center, horizons, asymptotic regions, and the singular point depend on the parameters α, ℓ 2 , k, M , and branches complicatedly so that a variety of global structures for the solution are found. In our analysis, anM -r diagram is used on which theM -r h ,M -r ex and M -r b curves are drawn. It makes our consideration clear and enables easy understanding through visual effects. The solutions are classified into regular, black hole and globally naked solutions.
In Gauss-Bonnet gravity, the general solutions, which were first obtained by Boulware and Deser for the vanishing cosmological constant and for k = 1, are classified into the plus and the minus branches. In theα → 0 limit, the solution in the minus branch recovers the one in general relativity, while there is no solution in the plus branch. In general relativity, the behavior of r → ∞ is dominated by the cosmological constant, and the asymptotic structure of a solution is generally determined by that term. In Gauss-Bonnet gravity, the curvature radius ℓ 2 = −(n − 1)(n − 2)/2Λ in general relativity is replaced by the effective curvature radius ℓ 2 eff . In the minus branch the signs of ℓ 2 eff and ℓ 2 are same, and the ordinary correspondence between the signs of the cosmological constant and the asymptotic structures is obtained. In the plus branch, however, the signs of ℓ 2 eff are always positive independently of the cosmological constant, and all the solutions have the same asymptotic structure as that in general relativity with a negative cosmological constant.
For the positive mass parameter, the singularity exists at the center. There the Kretschmann invariant behaves as O(r −(n−1) ). For the negative mass parameter, the new type of singularity called the branch singularity appears at non-zero finite radius r = r b > 0. There the Kretschmann invariant behaves as O((r − r b ) −3 ). In any case, the divergent behavior in Gauss-Bonnet gravity is milder than the central singularity in general relativity O(r −2(n−1) ). Among the solutions in our analysis, the black hole solutions are the most important. There are three types of horizon: inner, black hole, and cosmological horizons. In the k = 1, 0 cases the plus branch solutions do not have any horizon. In the k = −1 case, the radius of the horizon is restricted as r h < √ 2α (r h > √ 2α) in the plus (minus) branch. The black hole solution in the plus branch for k = −1 has interesting properties. In general relativity, the black hole solution with zero or negative mass appears only in the negative cosmological constant system, while such a solution exists in the plus branch even with the zero or positive cosmological constant in Gauss-Bonnet gravity. There are also the extreme black hole solutions with positive mass in spite of the lack of an electromagnetic charge.
For k = 1, the horizon radius of the black hole solutions in Gauss-Bonnet gravity is smaller than that in general relativity. Furthermore, in the n = 5 case, the infinitesimally small black hole solution has a finite mass M =α below which a black hole solution does not exist. This behavior would affect the black hole formation by a linear collider. Recent investigation of the higherdimensional models represented by a braneworld model predicts such black hole formation if the fundamental energy scale is small enough. A rough estimate of these analyses is based on the Schwarzschild radius of the colliding particles. If their Schwarzschild radii calculated by the higher-dimensional model are comparable to the size of the colliding particles, a black hole will be formed. By taking into account the Gauss-Bonnet corrections, however, the Schwarzschild radius becomes small. This implies that the black hole formation occurs less frequently or not at all [30] .
Although we focus on the spacetime structure of the solutions in this paper, the thermodynamical properties of the black hole solution are important, in particular in the discussions of the evolution through Hawking radiation and final state of the black hole spacetime. The temperature of a black hole in Gauss-Bonnet gravity is obtained by the periodicity of the Euclidean time on the horizon by
In general relativity, the horizon radius of the black hole is related to the entropy of the black hole S as S = πr of the black hole thermodynamics, a black hole with its horizon at the vertical point of theM -r h curve where the horizon is degenerate has zero temperature. A solution with the almost degenerate horizon has infinitesimally small temperature. Although the expression of the entropy in Gauss-Bonnet gravity is different from that in general relativity, it is easy to show that the solution, at which theM -r h curve becomes vertical on the diagram, where its horizon degenerates, has zero temperature. In Gauss-Bonnet gravity, entropy is not obtained by a quarter of the area of a black hole horizon. The second law of black hole thermodynamics would hold, while the area theorem would not. The relevant entropy of the system where the curvature terms exist in the action besides the Einstein-Hilbert action was proposed by Iyer and Wald, who regard it as the Noether charge associated with the diffeomorphism invariance [31] . It is calculated as
in our model. S min is added to make the entropy nonnegative [32] . In the n = 5 case, a black hole solution with k = 1 has the minimum massα. As the evaporation proceeds, the black hole loses its mass and its horizon radius shrinks to zero, and then the black hole seems to evolve to a naked singularity with the massM =α. However, since the temperature of the horizon becomes zero in this limit, we cannot be sure whether the black hole evaporates thoroughly and evolves to a singularity or not. Similar situations occur in the Λ = −1 and k = 0 case. We need detailed analysis of the evaporation process to clarify this issue.
Where Λ = −1 and k = −1, the case is more interesting. There are black hole solutions both in the plus and the minus branches. In the minus branch, the black hole loses its mass, and the horizon radius becomes small through evaporation. As the solution approaches the extreme solution, evaporation becomes weak, and the black hole may evolve to the extreme solution in an infinite time. On the other hand, for the black hole solution in the plus branch, as the black hole loses its mass, the black hole horizon becomes large. Since the temperature of the black hole solution around the branch points B in Figs. 4 and 5 is non-zero, the black hole will evolve to a naked singularity that is not point-like but , rather, locates at r = r b . Conversely, the horizon area becomes small when matter is put into the black hole. This means that the area theorem in general relativity does not extend to Gauss-Bonnet gravity. However, it is confirmed that entropy increases in such a classical process, as is shown in Fig. 7 . In general relativity there is an extreme limit of the Reissner-Nordström black hole. In this case, if we throw matter into the black hole, the ratio of the charge to the mass of the solution decreases, and it is impossible to make the solution extreme. If we continue to throw matter into our black hole, the solution will evolve to the extreme solution. As a result the mass exceeds that of the extreme solution, and the black hole becomes a naked singularity. This would be a violation of the third law of black hole thermodynamics.
As an important application of the solutions studied in this paper, it is known that the static black hole or the regular solutions with the metric of Eq. (6) can be used as a bulk spacetime in the braneworld cosmology. In the braneworld scenario, our universe is expressed by a shell in the higher-dimensional bulk spacetime. The radius of the shell in the bulk spacetime corresponds to the scale factor of our universe, so that the motion of the shell gives the evolution of the universe. In the Einstein-Maxwell-Λ system, an infalling shell in the Reissner-Nordström bulk spacetime bounces at some finite radius [33] . This motion gives the bouncing universe without the big-bang singularity. However, this bounce occurs only inside of the inner horizon. As is well known, the inner horizon is unstable, so that the bouncing universe is hardly to be realized [34, 35] . On the other hand, although there are several investigations of the braneworld in Gauss-Bonnet gravity [36] , much is not known. The bounce may occur outside of the inner horizon in Gauss-Bonnet gravity, so that a non-singular cosmology could be possible. These are under investigation [37] . Physics Self-Organization Systems) at Waseda University.
FIG. 8:
The conformal diagrams of regular solutions. The region with a star is the untrapped region where the Killing vector ∂t is timelike. It changes from the untrapped to the trapped region or vise versa by crossing the horizon. In the following figures, we use the same mark. rI, rV, and rVII are Minkowski, dS and adS spacetimes, respectively. There are time-reversed diagrams for rIII, rIV, and rVI.
FIG. 9:
The conformal diagrams of the black hole solutions. bI, bII, bIII, and bIV have the same structure as those of Schwarzschild, Schwarzschild-dS, Schwarzschild-adS, and RNadS spacetimes, respectively.
FIG. 10:
The conformal diagrams of the solutions with a globally naked singularity. There are time-reversed diagrams for sVII and sVIII.
FIG. 11:
The conformal diagrams of (dbI) the black hole solution with degenerate horizons and (dsI) the solutions with a globally naked singularity and degenerate horizons. The degenerate horizon is drawn with a double line. By passing across the double line, the trapped (untrapped) region does not change to a untrapped (trapped) one. dbI has the same structure as that of the extreme RN-adS spacetimes. There is a time-reversed diagram for dsI. 
